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APPROXIMATION AND LOEWNER THEORY OF HOLOMORPHIC
COVERING MAPPINGS
MATTEO FIACCHI
Abstract. We give conditions in order to approximate locally uniformly holomorphic
covering mappings of the unit ball of Cn with respect to an arbitrary norm, with entire
holomorphic covering mappings. The results rely on a generalization of the Loewner
theory for covering mappings which we develop in the paper.
1. Introduction
It is a well known fact that in one complex variable the automorphisms group of the
complex plane is composed only by affine transformations. Conversely, in higher dimen-
sions the automorphisms group of the Euclidean space is so large to allow approximation
of univalent mappings: we state here the Andérsen-Lempert Theorem [2] in a suitable
form for this paper (the result holds in fact for general starlike domains).
Theorem 1.1 (Andérsen-Lempert). For n ≥ 2, let B = {z ∈ Cn : ||z|| < 1} be the unit
ball of Cn with respect to an arbitrary norm and let f : B −→ Cn be an univalent mapping.
If there exists a neighborhood Λ of f(B) biholomorphic to Cn (that is, Λ is either Cn itself
or a Fatou-Bieberbach domain) such that (f(B),Λ) is Runge, then f can be approximated
uniformly on compacta of B by univalent mappings of Cn, i.e. for every compact subset
K of B, ǫ > 0 there exists an automorphism of Cn or a Fatou-Bieberbach mapping Ψ such
that maxz∈K ||f(z)−Ψ(z)|| < ǫ.
This result ensures the approximability of univalent mappings by means of entire uni-
valent mappings (i.e. defined on all Cn) under the assumption of the existence of specific
neighborhoods. Another approach to this kind of problems is using Loewner theory, a
dynamical method in geometric function theory introduced in dimension one by Charles
Loewner in the 1920’s [14]. The main idea of Loewner was to construct a one parameter
family of univalent functions whose images are increasing domains, and study them using
differential equations [10]. Using this theory we have the following formulation of Theorem
1.1 (in a certain sense it is an equivalent statement, see [8] for a discussion about this).
Theorem 1.2. For n ≥ 2 let f : B −→ Ω ⊆ Cn an univalent mapping. If f embeds into
Loewner chain, i.e. there exists a Loewner chain (ft)t≥0 such that f = f0, then there exists
a sequence of entire univalent mappings which converges to f , uniformly on compacta of
B.
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It is natural and a completely open question whether similar results hold for locally
univalent functions.
In this paper we focus on a particular class of locally univalent functions: holomorphic
covering mappings. The main result of the paper is the following.
Theorem 1.3. For n ≥ 2 let f : B ։ Ω ⊆ Cn be a holomorphic covering mapping. If
f embeds into a Loewner chain of covering mappings, i.e. there exists a Loewner chain
of covering mappings (ft)t≥0 such that f = f0, then there exists a sequence of entire
holomorphic covering mappings which converges to f , uniformly on compacta of B.
Such a result is based on a general Loewner theory for holomorphic covering mappings
which we develop in the paper, and on a abstract approximation theorem (see Theorem
4.8). We also provide explicit examples of applications of our construction (see Example
4.9 and Theorem 6.5).
2. Classical Loewner theory
We give a fast overview of Loewner theory (for more details see for instance [10] and
[15]).
Let B := {z ∈ Cn : ||z|| < 1} be the unit ball of Cn with respect to an arbitrary norm
|| · ||. A (normalized) Loewner chain is a family of univalent mappings (ft : B −→ C
n)t≥0
with Ωs := fs(B) ⊆ ft(B) for s ≤ t and such that ft(0) = 0 and (df)0 = e
t
Id for all t ≥ 0.
We also define the Loewner range of a Loewner chain as
R(ft) =
⋃
t≥0
Ωt ⊆ C
n.
The Loewner range is always biholomorphic to Cn, although, for n > 1, it can be strictly
contained in Cn (see [4]). Furthermore a Loewner chain (ft)t≥0 is normal if {e
−tft(·)}t≥0
is a normal family.
We recall the following result
Proposition 2.1. [10] If (ft)t≥0 is a Loewner chain, then there exist an unique normalized
biholomorphism Ψ : Cn −→ R(ft) and normal Loewner chain (gt)t≥0 such that for each
t ≥ 0
ft = Ψ ◦ gt.
Let (ft)t≥0 be a Loewner chain. We define for each 0 ≤ s ≤ t
φs,t = f
−1
t ◦ fs.
The family (φs,t)0≤s≤t is called the evolution family associated to the chain (ft)t≥0: it
has the following properties
(EF1) (dφs,t)0 = e
s−t
Id;
(EF2) φs,s = IdB for each s ≥ 0;
APPROXIMATION AND LOEWNER THEORY OF HOLOMORPHIC COVERING MAPPINGS 3
(EF3) φs,t = φu,t ◦ φs,u for each 0 ≤ s ≤ u ≤ t.
Evolution families are well studied, with a strong link with Loewner theory and semicom-
plete vector fields (see for instance [10], [5] and [3]). From the properties (EF1-3) we have
that (φs,t)0≤s≤t are locally uniformly Lipschitz [3], i.e. for each T > 0 and r ∈ (0, 1) there
exists a positive constant M(T, r) such that
||φs,t(z)− φs,u(z)|| ≤M(T, r)|t− u|, z ∈ rB, 0 ≤ s ≤ u ≤ t ≤ T,
and this implies the continuity (ft)t≥0 with respect to t.
Furthermore, for each 0 ≤ s ≤ t the mappings φs,t are univalent [5]. Finally we have
the following
Proposition 2.2. [9] Let (φs,t)0≤s≤t be a family of self mappings of B such that (EF1-3)
hold, then there exists an unique normal Loewner chain (gt)t≥0 such that φs,t = g
−1
t ◦ gs
for each 0 ≤ s ≤ t.
3. Covering mappings
We recall some basic notions.
Let D and Ω be two complex manifolds, a local biholomorphism f : D ։ Ω is an
holomorphic covering mappings (or, for short in this paper, just a covering mappings) if
for each path γ in Ω with initial point x and for each point y ∈ f−1(x), there exists an
unique path γ˜ in D with initial point y such that f ◦ γ˜ = γ.
Let f : D ։ Ω ⊆ Cn be a covering mapping, we denote with DT (f) := {Ψ ∈ Aut(D) :
f ◦ Ψ = f} the group of deck transformations of f . We recall that DT (f) is a subgroup
of Aut(D) that acts freely and properly discontinuous on D.
In this section we give some useful results concerning covering mappings.
Remark 3.1. Let Ω ⊂ Cn, with 0 ∈ Ω, be a domain covered by B, then there exists at
most one covering mapping f : B ։ Ω such that f(0) = 0 and df0 = λId for some λ > 0.
Indeed, let f˜ : B ։ Ω be an another covering mapping such that f˜(0) = 0 and df˜0 = λ˜Id,
then for the uniqueness of the universal covering there exists an automorphism Ψ of B
such that Ψ(0) = 0, dΨ0 = λλ˜
−1
Id and f = f˜ ◦Ψ.
B B
Ω
Ψ
f
f˜
Now, by Cartan uniqueness theorem for bounded domains, Ψ has to be the identity and
then f = f˜ .
We also need the following topological lemma.
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Lemma 3.2. Let Y be a connected topological manifold and X ⊆ Y be connected open
set. Let f : X˜ ։ X and Ψ : Y˜ ։ Y be two universal topological covering mappings and
consider g : X˜ −→ Y˜ a lifting of f with respect to Ψ. Let i : X → Y denote the continuous
inclusion.
X˜ Y˜
X Y
g
f Ψ
i
If the morphism i∗ : π1(X) −→ π1(Y ) is injective then g is injective.
Proof. Let x0, x1 be two points in X˜ such that g(x0) = g(x1), we have to prove that
x0 = x1. Consider a path γ such that γ(0) = x0 and γ(1) = x1: notice that the path f ◦ γ
is closed in X. Consider its unique lifting γ˜ with respect to Ψ such that γ˜(0) = g(x0), by
the uniqueness of the lifting we have γ˜ = g ◦ γ. Now
γ˜(0) = g(γ(0)) = g(x0) = g(x1) = g(γ(1)) = γ˜(1)
i.e. γ˜ is a closed path, then f ◦γ is homotopic to the constant path in Y . By the injectivity
of i∗, f ◦ γ is also homotopic to the constant path in X, and then its lifting γ is a closed
path, i.e. x0 = x1. 
4. Loewner chains of covering mappings
Now we can give the notion of Loewner chain of covering mappings.
Definition 4.1. A Loewner chain of covering mappings is a family (ft)t≥0 of holomorphic
mappings on B such that
1) ft : B → C
n is a covering mapping on a pseudoconvex domain Ωt for each t ≥ 0;
2) ft(0) = 0, (dft)0 = e
t
Id for each t ≥ 0;
3) Ωs ⊆ Ωt for each s ≤ t.
Finally, we define the Loewner range as the set R(ft) :=
⋃
t≥0Ωt ⊆ C
n.
Example 4.2. Let g be the holomorphic function on the unit disk given by
g(z) =
i
2
log
(1− iz
1 + iz
)
,
it is a biholomorphism between the disk D and the vertical strip {z ∈ C : |Re[z]| < pi
4
}.
Consider the normalized covering mapping Ψ(z) = ez − 1 from C to C\{−1}. Now, the
family
ft(z) := Ψ(e
tg(z)) =
(1− iz
1 + iz
) i
2
et
− 1
is a Loewner chain of covering mappings with images the annuli At := {z ∈ C : r
−1
t <
|z + 1| < rt} where rt := e
pi
4
et , and Loewner range C\{−1}.
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For each s ≤ t we can lift the inclusion is,t of Ωs into Ωt with respect to ft and so we can
construct an holomorphic function φs,t : B −→ B such that φs,t(0) = 0 and fs = ft ◦ φs,t.
B B
Ωs Ωt
φs,t
fs ft
is,t
The family (φs,t)0≤s≤t has the following properties.
Proposition 4.3. Let (ft)t≥0 be a Loewner chain of covering mappings, and let (φs,t)0≤s≤t
be a family of holomorphic self mappings of B such that φs,t(0) = 0 and fs = ft ◦ φs,t for
each 0 ≤ s ≤ t, then
1) (dφs,t)0 = e
s−t
Id;
2) φs,s = IdB for each s ≥ 0;
3) φs,t = φu,t ◦ φs,u for each 0 ≤ s ≤ u ≤ t.
Therefore (φs,t)0≤s≤t is an evolution family.
Proof. 1) The functions ft, fs and φs,t fix the origin, then using the chain rule in the
expression fs = ft ◦ φs,t we obtain the statement.
2) It follows trivially from the uniqueness of the lifting.
3) By construction we have that for 0 ≤ s ≤ u ≤ t
fs = fu ◦ φs,u and fu = ft ◦ φu,t
and then
fs = ft ◦ φu,t ◦ φs,u.
Furthermore fs = ft ◦ φs,t, indeed for the uniqueness of the lifting we obtain the thesis.
B B B
Ωs Ωu Ωt
φs,t
φs,u
fs
φu,t
fu ft
is,u iu,t

Recalling the results show in the Section 3, the functions φs,t are univalent and locally
uniformly Lipschitz.
6 MATTEO FIACCHI
Lemma 4.4. Let (ft)t≥0 be a Loewner chain of covering mappings and (φs,t)0≤s≤t the
associated evolution family. Let γ : [0, 1] −→ Ωt be a path with γ(0) = 0 and γ˜ its
lifting with respect to ft such that γ˜(0) = 0. If γ([0, 1]) ⊆ Ωs for some s ∈ [0, t], then
γ˜([0, 1]) ⊆ φs,t(B).
Proof. By assumptions γ([0, 1]) ⊆ Ωs, then let σ be the unique lifting of γ with respect
to fs such that σ(0) = 0. Now consider the two paths γ˜ and φs,t ◦ σ: we have
ft ◦ (φs,t ◦ σ) = fs ◦ σ = γ = ft ◦ γ˜
and they have the same initial point, then by the uniqueness of the lifting γ˜ = φs,t ◦ σ,
that implies γ˜([0, 1]) ⊆ φs,t(B). 
At this point, it is natural to study the evolution of fundamental group of the images
of the chain.
Proposition 4.5. Let (ft)t≥0 be a Loewner chain of covering mappings, then for each
0 ≤ s ≤ t the morphisms
i∗s,t : π1(Ωs) −→ π1(Ωt)
and
i∗t,∞ : π1(Ωt) −→ π1(R(ft))
are injective morphisms of groups.
Proof. We start with the case 0 ≤ s ≤ t <∞.
We prove that the kernel of i∗s,t is trivial: let γ : [0, 1] → Ωs be a closed path that is
homotopic to the constant one in Ωt, we have to prove this is also true in Ωs. Now γ can
be lifted to a path γ˜ in B such that ft ◦ γ˜ = γ and γ˜(0) = γ˜(1) = 0. By Lemma 4.4
γ˜([0, 1]) ⊆ φs,t(B) and so there exists an homotopy G˜ : [0, 1]× [0, 1]→ φs,t(B) such that
G˜(·, 0) = γ˜ and G˜(·, 1) ≡ 0. Now G := ft ◦ G˜ is an homotopy in Ωs between γ and the
constant path.
Finally, in the second case, every closed path in R(ft) is contained in ΩT for T big
enough, then we can use the homotopy constructed before. 
Now we can give an analogous of Proposition 2.1 for Loewner chains of covering map-
pings.
Proposition 4.6. If (ft)t≥0 is a Loewner chain of covering mappings, then R(ft) is cov-
ered by Cn and there exist an unique normalized covering mapping Ψ : Cn −→ R(ft) ⊆ C
n
and normal Loewner chain (gt)t≥0 such that for each t ≥ 0
ft = Ψ ◦ gt. (1)
Proof. Let (φs,t)0≤s≤t be the evolution family associated to (ft)t≥0. By Proposition 2.2,
there exists a normal Loewner chain (gt)t≥0 such that φs,t := g
−1
t ◦ gs and R(gt) = C
n,
then for each z ∈ Cn exists t ≥ 0 such that z ∈ gt(B), therefore we can define
Ψ(z) := (ft ◦ g
−1
t )(z)
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and thanks to the relation fs = ft ◦ φs,t the definition does not depend on the choice of t.
Then for each s ≥ 0 and z ∈ B we obtain
fs(z) = Ψ(gs(z)).
It remains to prove that Ψ is a covering mapping. For each path γ in R(ft) and w ∈
Ψ−1(γ(0)) there exists t ≥ 0 such that γ([0, 1]) ⊆ ft(B) and w ∈ gt(B): the lifting of γ
with respect to Ψ with initial point w is gt ◦ γ˜, where γ˜ is the lifting of γ with respect to
ft and initial point g
−1
t (w). Finally Ψ is a local biholomorphism with the lifting property,
then it is a covering mapping. 
We want to study the property of the Loewner Range.
Proposition 4.7. Let (ft)t≥0 be a Loewner chain of covering mappings and R(ft) its
Loewner range, then
• R(ft) is pseudoconvex and covered by C
n;
• the couple (ft(B), R(ft)) is Runge for each t ≥ 0;
• the morphism of groups i∗t : π1(ft(B)) −→ π1(R(ft)) is injective for each t ≥ 0.
Proof. The first and latter conditions descend respectively from Proposition 4.6 and
Proposition 4.5, while the second one follows from Docquier-Grauert Theorem [7]. 
Theorem 4.8. For n ≥ 2, let f : B ։ Ω ⊆ Cn be a covering mapping. If there exists a
pseudoconvex neighborhood Λ of Ω such that
• Λ is holomorphically covered by Cn;
• the couple (Ω,Λ) is Runge;
• the morphism i∗ : π1(Ω) −→ π1(Λ) is an injective morphism of groups;
then f can be approximate uniformly on compacta of B by covering mappings of Cn.
Proof. Without loss of generality, we can assume that f(0) = 0. Let Ψ : Cn ։ Λ be a
covering mapping of Λ with Ψ(0) = 0, and g be the lifting of the inclusion of Ω into Λ
with respect to Ψ such that g(0) = 0, then by Lemma 3.2 g is univalent.
B Cn
Ω Λ
g
f Ψ
i
We want to prove that g(B) is Runge. Let K be a compact set of g(B) and consider its
polynomial convex hull Kˆ := KˆO(Cn). Using the Runge-ness of (Ω,Λ) and the Oka-Weil
theorem we have
Ψ(Kˆ) ⊆ Ψ̂(K)O(Λ) ⊆ Ω
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then
Kˆ ⊆ Ψ−1(Ω) =
⋃
F∈DT (Ψ)
F (g(B)).
Claim: For each F ∈ DT (Ψ), if F (g(B)) ∩ g(B) 6= ∅ then F (g(B)) = g(B).
Proof of Claim. It is sufficient to show that if F (g(B)) ∩ g(B) 6= ∅ then F (g(B)) ⊆ g(B)
(replacing F with F−1 we obtain the inverse inclusion). By contradiction assume that
there exist x, y ∈ g(B) such that F (x) ∈ g(B) but F (y) /∈ g(B). Let γ be a path in
g(B) from x to y and denote with γ˜ the lifting of Ψ ◦ γ with respect to f such that
γ˜(0) = g−1(F (x)). Now consider the paths g ◦ γ˜ and F ◦ γ: we have that
Ψ ◦ (g ◦ γ˜) = f ◦ γ˜ = Ψ ◦ γ = Ψ ◦ (F ◦ γ)
and they have the same initial point, then by the uniqueness of the lifting they are the
same path. Considering the final point, we obtain
F (y) = F (γ(1)) = g(γ˜(1))
then F (y) ∈ g(B), and this is a contradiction. 
Let consider the subgroup H := {F ∈ DT (Ψ) : F (g(B)) = g(B)} and G := DT (Ψ)/H ,
then we have
Kˆ ⊆ Ψ−1(Ω) =
⊔
F∈G
F (g(B)),
where the union is disjoint.
Now, recalling that every connected component of Kˆ intersects K [16, Cor. pag. 186],
we obtain Kˆ ⊆ g(B), that implies that g(B) is Runge.
Finally g is an univalent mapping with g(B) Runge, then by Andérsen-Lempert the-
orem it can be approximate by a sequence {Φk}k∈N of automorphism of C
n, therefore
the sequence {Ψ ◦ Φk}k∈N is a sequence of covering mappings of C
n that approximate f
uniformly on compact sets of B. 
The proof of Theorem 1.3 is now straightforward.
Proof of Theorem 1.3. It is sufficient to use Theorem 4.8 taking as Λ the Loewner Range.
The required assumptions descend from Proposition 4.7. 
We give an explicit application of the previous theorem.
Example 4.9. In [6] the covering mappings of Bn generated by one hyperbolic auto-
morphism are studied in detail: for instance we have the "generalized annulus in higher
dimension"
f(z1, . . . , zn) =
((1− iz1
1 + iz1
) i
2
− 1,
z2√
1 + z21
, . . . ,
zn√
1 + z21
)
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that is a covering mappings of Bn with image
Ω =
{
(z1, . . . , zn) ∈ C
n : r−1 < |z1 + 1| < r,
n∑
j=2
|zj |
2 < sin(−2 log |z1|)
}
with r := e
pi
4 . We want to prove that f can be approximate by entire covering mappings,
showing that f embeds into a Loewner chain of covering mappings. Indeed we define for
each t ≥ 0
ft(z1, . . . , zn) =
((1− iz1
1 + iz1
) i
2
et
− 1, et
z2√
1 + z21
, . . . , et
zn√
1 + z21
)
that is a covering mappings of Bn with image
Ωt =
{
(z1, . . . , zn) ∈ C
n : r−1t < |z1 + 1| < rt,
n∑
j=2
|zj |
2 < e2t sin(−2 log |z1|)
}
where rt = e
pi
4
et . The family (ft)t≥0 is a Loewner chain of covering mappings with range
C\{−1} × Cn−1, and obviously f embeds into (ft)t≥0, then by Theorem 1.3 f can be
approximate uniformly on compacta of Bn by entire covering mappings (similar argument
can be used for each covering mappings studied in [6]).
5. Other properties of Loewner chains of covering mappings
In this section we collect other interesting properties of Loewner chains of covering
mappings.
It is useful to recall that if (φs,t)0≤s≤t is evolution family, then for Caratheodory Kernel
Convergence (see Theorem 3.5 in [5]) we have that for each 0 ≤ s ≤ t
φs,t(B) =
⋃
u<s
φu,t(B) and φs,t(B) = int
(⋂
u>s
φu,t(B)
)
0
where with int(·)0 we denote the connected component of the interior part that contains
the origin.
Proposition 5.1 (Caratheodory Kernel Conv. for Loewner chains of covering maps).
Let (ft)t≥0 be a Loewner chain of covering mappings and denote Ωt := ft(B). Then for
each t > 0 we have
Ωt =
⋃
s<t
Ωs and Ωt = int
(⋂
u>t
Ωu
)
0
. (2)
Conversely, let {Ωt}t≥0 be a increasing family of domains in C
n covered by B such that
relation (2) holds and
⋃
t≥0Ωt is not covered by B. Suppose that there exists ft a covering
mappings from B to Ωt such that ft(0) = 0 and (dft)0 = αtId with αt > 0 for each t ≥ 0.
Then there exists a strictly increasing continuous function β : R≥0 −→ R≥0 with β(0) = 0
and limt→∞ β(t) =∞ such that (α
−1
0 fβ(t))t≥0 is a Loewner chain of covering mappings.
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Proof. We divide the proof in two part
1) We have to prove (2): the first one easily descends from the Carathéodory Kernel
convergence of the family (φs,t)0≤s≤t
Ωt = ft(B) = ft
(⋃
s<t
φs,t(B)
)
=
⋃
s<t
ft(φs,t(B)) =
⋃
s<t
fs(B) =
⋃
s<t
Ωs.
For the second one, let denote Ω := int(
⋂
u>tΩu)0, obviously we have that Ωt ⊆ Ω.
Conversely, fix T > t and let V be the connected component of f−1T (Ω) that contains 0
(notice that fT (V ) = Ω). Now we want to prove that V ⊆ φt,T (B): fix w ∈ V and let γ˜
be a path in V that connects 0 to w, and take γ = fT ◦ γ˜ that is a path in Ω. Notice that
γ˜ is the unique lifting of γ with respect to fT with initial point 0. Now for each u ∈ (t, T ]
we have that γ([0, 1]) ⊆ Ωu, then by Lemma 4.4
w = γ˜(1) ∈ γ˜([0, 1]) ⊆ φu,T (B)
then V ⊂ φu,T (B). Finally, using Carathedory Kernel Convergence for the evolution family
V ⊂ int
(⋂
u>t
φu,T (B)
)
0
= φt,T (B)
consequently
Ω = fT (V ) = ft(φ
−1
t,T (V )) ⊆ Ωt.
2) First of all, we prove the continuity from above and below of ft. Let {tk}k∈N be a
decreasing sequence that converge to t and consider T such that T > tk for each k ∈ N,
then for each 0 < r < 1
max
z∈rB
|ftk(z)| = max
z∈rB
|fT (φtk ,T (z))| ≤ max
z∈rB
|fT (z)|
i.e. the sequence {ftk}k∈N is uniformly bounded and then it is normal. Therefore there
exists a subsequence {tkj}j∈N such that ftkj converges to a function g. Using an argument
similar to 1), g has range int(
⋂
j∈NΩtkj )0 = Ωt. We have to prove that g = ft: let Φ be
the lifting of g with respect to ft such that Φ(0) = 0.
B
B Ωt
ft
Φ
g
Let denote α := limj→∞ αtkj = infj αtkj . Using the chain rule in the expression ft ◦Φ = g
and noticing that αt ≤ α we obtain
(dft)0 · (dΦ)0 = (dg)0 ⇒ (dΦ)0 =
α
αt
Id ≥ Id
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that implies for Cartan uniqueness theorem that Φ = IdB and then g = ft. Finally, every
subsequence of ftk has the same limit ft, then we have the continuity from above.
The proof of continuity from below is analogous to the argument that we present in the
next paragraph, then we omit it.
For the construction of β, we first observe that the function t 7→ αt is strictly increasing,
then we can define γ(t) := log[αt/α0]: the desired function is β := γ
−1. The only thing
that we have to prove is that limt→∞ β(t) =∞: by contradiction if limt→∞ β(t) =: T <∞,
we define for each 0 ≤ s ≤ t < T the function φs,t as the unique lifting of the inclusion of
Ωβ(s) into Ωβ(t) that fixes the origin. The family (φs,t)0≤s≤t<T satisfies properties 1)-3) of
Proposition 4.3, hence every map φs,t is univalent. Now by normality, for each 0 < s < T
the sequence φs,t converges to a function φs,T for t → T (notice that they are univalent
because d(φs,T )0 = e
s−T
Id), and by the Caratheodory Kernel Convergence we have⋃
s<T
φs,T (B) = B.
Finally, we define fT in the following way: for each z ∈ B consider a s ∈ [0, T ) such
that z ∈ φs,T (B), then fT (z) := fs(φ
−1
s,T (z)). It is easy to check that the definition does
not depend from the choice of s and that ft converges to fT for t → T . Now fT is a
covering mapping from B into
⋃
t≥0Ωt (using a similar argument used for Ψ in the proof
of Proposition 4.6), and this is a contradiction. 
Now we want to show some invariant properties of the evolution family associated to a
Loewner chains of covering mappings.
Proposition 5.2. Let (ft)t≥0 be a Loewner chain of covering mappings and (φs,t)0≤s≤t
the associated evolution family. Fix 0 ≤ s ≤ t and F ∈ DT (ft), then
• F (φs,t(B)) ∩ φs,t(B) = ∅, or
• F (φs,t(B)) = φs,t(B), i.e. the domain φs,t(B) is F -invariant.
Proof. The proof is similar to argument used in the Claim in Theorem 4.8, then we omit
it. 
Example 4.2, Example 4.9 and (univalent) Loewner chains are Loewner chains of cov-
ering mappings where the fundamental group of the images does not change. We want to
study these kind of chains in detail.
Proposition 5.3. Let (ft)t≥0 be a Loewner chain of covering mappings and let be 0 ≤
s ≤ t, then the following are equivalent
(1) the morphism of groups i∗s,t : π1(Ωs) −→ π1(Ωt) is an isomorphism;
(2) for each F ∈ DT (ft), F (φs,t(B)) = φs,t(B).
Proof. (1)⇒(2) Thanks to Proposition 5.2, it is sufficient to prove that F (0) ∈ φs,t(B). Let
be γ˜ a path between 0 and F (0), and denote γ = ft ◦ γ˜, (notice that γ(1) = ft(γ˜(1)) =
ft(F (0)) = ft(0) = 0, i.e. it is a closed path). By surjectivity of i
∗
s,t, there exists an
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homotopy G : [0, 1]× [0, 1] −→ Ωt such that G(0, ·) = γ and G(1, ·) =: σ is a path in Ωs.
Now G can be lift to an homotopy G˜ in B such that G˜(0, ·) = γ˜. Thanks to Lemma 4.4
G˜(1, ·) is a path in φs,t(B). Finally,
F (0) = γ(1) = G˜(0, 1) = G˜(1, 1) ∈ φs,t(B)
(2)⇒(1) It is sufficient to show that every closed path contained in Ωt is homotopic to
a path in Ωs: let γ : [0, 1] → Ωt be a continuous path such that γ(0) = γ(1) = 0, then γ
can be lifted to γ˜ in B such that ft ◦ γ˜ = γ and γ˜(0) = 0. By assumption γ˜(1) ∈ φs,t(B),
hence there exists an homotopy G˜ : [0, 1] × [0, 1] → B such that G˜(·, 0) = γ˜ and G˜(·, 1)
is a path in φs,t(B) that connects 0 to γ˜(1). Now consider the homotopy G := ft ◦ G˜, we
have that G(·, 0) = γ whereas G(·, 1) is a closed path in Ωs, as needed. 
Definition 5.4. Let (ft)t≥0 be a Loewner chain of covering mapping and let I ⊆ [0,∞)
be an interval. We say that (ft)t≥0 is I-stable if for each s, t ∈ I with s < t, one (and,
consequently, both) of the properties in Proposition 5.3 holds. Finally, we say simply that
(ft)t≥0 is stable if it is [0,∞)-stable.
Remark 5.5. Let I ⊆ [0,∞) be an interval and let (ft)t≥0 be a I-stable Loewner chain
of covering mappings and (φs,t)0≤s≤t the associated evolution family. Fix s, t ∈ I with
s < t and consider F ∈ DT (ft), then by Proposition 5.3 the function φ
−1
s,t ◦ F ◦ φs,t is an
automorphism of B and furthermore
fs ◦ (φ
−1
s,t ◦ F ◦ φs,t) = ft ◦ F ◦ φs,t = ft ◦ φs,t = fs.
i.e. (φ−1s,t ◦F ◦ φs,t) is in DT (fs). Therefore, for each F ∈ DT (ft) there exists G ∈ DT (fs)
such that
F ◦ φs,t = φs,t ◦G.
Our next aim is to study the chain (gt)t≥0:
Definition 5.6. Let Γ be a subgroup of Aut(Cn).
• An univalent function f : B −→ Cn is Γ-invariant if F (f(B)) = f(B) for each F ∈ Γ;
• A normal Loewner chain (ft)t≥0 is a Γ-invariant Loewner chain if ft is Γ-invariant
for each t ≥ 0.
In the following remark, we show the link between stable Loewner chains of covering
mappings and Γ-invariant Loewner chains.
Remark 5.7. Let (ft)t≥0 be a stable Loewner chain of covering mappings and consider
Ψ and (gt)t≥0 as in (1), then the normal Loewner chain (gt)t≥0 is DT (Ψ)-invariant.
Conversely, let Ψ : Cn −→ Λ ⊆ Cn be a covering mapping and (gt)t≥0 be a DT (Ψ)-
invariant Loewner chain, then ft := Ψ◦gt is a stable Loewner chain of covering mappings.
We conclude this section with a simple example in dimension one of a non stable
Loewner chain of covering mappings.
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Example 5.8. For each t ≥ 0, let
Ωt := C\
(
{z ∈ C : Im[z] = 0,Re[z] ≤ −t− 1} ∪ {−1}
)
.
The family {Ωt}t≥0 respects the assumptions of Proposition 5.1, then there exists an
unique Loewner chain of covering mappings (ft)t≥0, a continuous increasing function
β : [0,∞) −→ [0,∞) and α0 > 0 such that ft(D) = α0Ωβ−1(t). Now f0 is a biholomorphism,
instead ft is a covering mapping with π1(ft(D)) ∼= Z for each t > 0. Then (ft)t≥0 is (0,∞)-
stable but it is not stable.
6. Embedding problem in one dimension
In this section we investigate the problem of embedding of covering mappings in Loewner
chains. As in the univalent case, we said that a covering mapping f on B embeds into a
Loewner chain of covering mapping if there exists a Loewner chain of covering mappings
(ft)t≥0 such that f0 = f .
In the univalent case, we have this powerful Theorem proved by Pommerenke in [15].
Theorem 6.1. Let f : D −→ C be a normalized univalent function, then f embeds into
a Loewner chain.
First of all, we need the following topological result.
Proposition 6.2. Let Ω ⊆ R2 be a domain with π1(Ω) ∼= Z, then R
2\Ω has only one
bounded connected component.
Proof. First of all, we embedded R2 into its one-point compactification: it is sufficient to
prove that Ω ⊆ S2 divides the sphere in two connected components. Furthermore, it is
a well known fact in Riemann surfaces theory that Ω has to be homeomorphic to the
annulus A := {x ∈ R2 : 1 < ||x|| < 2} [1]. Denote with F an homeomorphism between A
and Ω. Now, for each r ∈ (1, 2) we consider the curve γr := F ({||x|| = r}) ⊆ S
2. Fix a
point x0 ∈ S
2\Ω, for each r ∈ (1, 2) by the Jordan theorem γr divides S
2 in two connected
components: denote by with Ar the component that contains x0, and by Br the other one.
Now we have that
S2\Ω = S2\
⋃
r∈(1,2)
γr =
⋂
r∈(1,2)
(S2\γr) =
⋂
r∈(1,2)
(Ar ∪Br) =
( ⋂
r∈(1,2)
Ar
)
∪
( ⋂
r∈(1,2)
Br
)
. (3)
we observe that for each r 6= r′ we have Ar ⊆ Ar′ or Ar′ ⊆ Ar. Then
A :=
⋂
r∈(1,2)
Ar =
⋂
r∈(1,2)
Ar
is the intersection of a decreasing family of connected compact sets , hence it is a non
empty connected compact set (and the same holds for B :=
⋂
r∈(1,2)Br). Finally, by (3)
S2\Ω = A ∪ B
and we are done. 
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Finally we can prove the embedding theorem in one dimension.
Theorem 6.3. Let f : D։ Ω ⊆ C be a covering mapping, then it embeds into a Loewner
chain of covering mappings if and only if π1(Ω) ∼= {0} or π1(Ω) ∼= Z.
Proof. Necessary condition: consider Λ the Loewner range of the chain. It is a standard
fact in theory of Riemann surfaces that the domains of C covered by the complex plain are
C itself and C\{point} [1], and then the group π1(Λ) is trivial in first case and isomorphic
to Z in the second one. We conclude using that π1(Ω) is isomorphic to a subgroup of
π1(Λ) (Proposition 4.5).
Sufficient condition: If π1(Ω) is trivial then by covering spaces theory f is univalent
(and then we are in the classical Loewner theory) and so we can conclude with the aim of
Theorem 6.1. Otherwise if π1(Ω) ∼= Z the domain Ω is an annulus: we want to construct a
continuous increasing family of annuli and use Proposition 5.1. Thanks to Proposition 6.2,
the complement of Ω in C has only one bounded component B. Now if C\Ω has unbounded
component, then Ω˜ := Ω ∪ B is a simply connected domain strictly contained in C, and
then we can construct an increasing family of simply connected domains (Ω˜t)t∈[0,T ] such
that Ω˜0 = Ω˜ and Ω˜T = C\B. We set Ωt := Ω˜t\B for t ∈ [0, T ): we constructed the first
part of the chain, eliminating the unbounded parts of C\Ω. Now consider a point z0 ∈ B
and the biholomorphism F (z) = 1/(z− z0): we have that Ω˜T = F (C\B)∪{0} is a simply
connected domain of C, then it can be embedded into a continuous increasing family
of simply connected domains (Ω˜t)t∈[T,∞). Finally, we define for each t ≥ T the annuli
Ωt := F
−1(Ω˜t\{0}). Now the family {Ωt}t≥0 respects the assumption of Proposition 5.1
and Ω0 = Ω, then f embeds into a Loewner chain of covering mappings. 
Finally using Remark 5.7 we obtain the following
Corollary 6.4. Let f : D −→ C be a normalized univalent function invariant with respect
to F (z) := z+i, i.e. F (f(D)) = f(D), then f can be embedded into a F -invariant Loewner
chain.
We conclude this section with an application in several complex variables.
Theorem 6.5. Let n ≥ 2 and F : Dn −→ Cn be a function of the form
F (z1, . . . , zn) = (f
(1)(z1), . . . , f
(n)(zn))
where f (j) : D ։ Ωj ⊆ C is univalent or a covering mapping with π1(Ωj) ∼= Z for each
j = 1, . . . , n. Then F can be approximated uniformly on compacta of Dn by entire covering
mappings.
Proof. First of all, it is easy to see that F is a covering mapping from Dn to Ω1×· · ·×Ωn.
By Theorem 6.3, for each j = 1, . . . , n the mapping f (j) can be embedded into a Loewner
chain of covering mappings (f
(j)
t )t≥0, then we define the chain
Ft(z1, . . . , zn) := (f
(1)
t (z1), . . . , f
(n)
t (zn)).
APPROXIMATION AND LOEWNER THEORY OF HOLOMORPHIC COVERING MAPPINGS 15
Now (Ft)t≥0 is a Loewner chain of covering mappings on D
n with associated evolution
family
Φs,t(z1, . . . , zn) := (φ
(1)
s,t (z1), . . . , φ
(n)
s,t (zn))
where (φ
(j)
s,t )0≤s≤t are the evolution families associated to the chains (f
(j)
t )t≥0, for each
j = 1, . . . , n. Obviously F embeds into (Ft)t≥0 and then we can conclude using Theorem
1.3. 
7. Open questions
We conclude with some open questions.
Question 1. Let Γ ≤Aut(Cn) be a subgroup and f : B −→ Cn be a Γ-invariant univalent
function. Can f be embedded into a Loewner chain? Can it be embedded into a Γ-invariant
Loewner chain?
We notice that the assumption of pseudoconvexity is used only in Proposition 4.7 and
Theorem 4.8.
Question 2. Can we eliminate the pseudoconvexity assumption? Is the image of a cov-
ering mapping that embeds into a Loewner chain of covering mappings necessary a pseu-
doconvex domain?
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